Winsten2 used a model with a regular pattern of departures (as Clayton), but with a binomial distribution of counts of arrivals. The effect of increasing variation in numbers of arrivals is generally to increase delays. Winsten's predictions of delays are consistently higher than Clayton's and are closer to, but still a little below, those found in practice. For light traffic, Winsten's binomial model gives a variance-to-mean ratio for counts slightly less than 1, decreasing to zero as the flow of traffic increases. In urban traffic, in practice, variance-tomean ratios of just over 1 are observed for light traffic, but these usually increase with the volume of traffic.
Webster3 and Newell4 have contributed slightly better delay formulae by using models with Poisson arrivals, that is with variance-to-mean ratios equal to 1.
In the present paper, delays will be found for arrival patterns with any variance-to-mean ratio. The methods used to derive the delay formula are based upon those used by Winsten. As far as possible, the terminology and notation are those used by Webster.
THE MODEL The essential features of the model which need to be realistic are:
(a) the distribution of the number of arrivals of vehicles over periods of the order of half a minute, and (b) the distribution of the number of vehicles which can pass through a junction while the signals are green. The following specification satisfies these conditions, though it is too general for exact expressions for delays to be obtained. The purpose is, however, to obtain a practical formula which is a good approximation to reality and it will be seen that this is achieved.
The pattern of arrivals may be that of any stationary point process with a finite variance for counts in consecutive equal periods of time, subject only to these conditions:
(1) Counts of arrivals during consecutive red and green phases should be independent. (2) Arrivals must not be synchronized with the signal phases. Thus arrivals from linked signals are excluded. The service pattern, that is the pattern of departures from the queue, will be assumed to be regular. That is, vehicles leave at regular intervals of time. The effect of variations in departure rate will be discussed, though a regular rate will be assumed during the mathematical derivation of delay formulae.
TERMINOLOGY AND NOTATION
In practice, vehicles start to slow down some distance away from a red signal. When the signal changes to green, vehicles gradually accelerate to a final speed. During both the deceleration and acceleration they are being delayed. Let us define the delay as the difference between delayed and undelayed journey times over a distance which includes the deceleration and acceleration distances on each side of a junction. The delay then is unaltered if, instead of slowing down gradually at the back of the queue, each vehicle maintains steady speed until it reaches the stop-line where it decelerates instantaneously, and then when the signals are green, accelerates instantaneously to its final speed when its turn comes. This is the kind of vehicle behaviour which will be assumed so that delays can be derived mathematically. To ensure that delays are the same, the first vehicle must stay at the stop-line until a little while after the start of the actual green phase to allow for its acceleration delay in practice. This intrusion upon the green phase is called "lost time". The remainder of the actual green phase and the amber phase which follows is known as the "effective green phase". The following amber is included, as vehicles arriving just at the end of a green phase are unlikely to stop if they are close to the signals at the time they change to amber. Also included in the lost time is the length of the red and amber phase if this does not coincide with an amber phase, and any "all-red" time. Thus at a four-way junction the complete cycle may be considered as constituted in Figure 1 during an unlimited green phase. Hereafter, the term "green phase" will be used to denote the effective green phase unless the contrary is indicated.
DELAYS TO ONE DIRECTION OF TRAFFIC DURING
THE RED PHASE The average delay to all vehicles approaching a junction from one direction will be found by considering separately those vehicles which arrive at red signals and those which arrive at green signals. Here the red phase is to be interpreted as including all phases which are not green phases for the direction considered.
If the number of vehicles waiting at the signals at time t after the start of the red phase is n(t), then the delay caused in a small interval of time St is n(t). St+ o(8t). The total delay over the period of one red phase is then:
c-a n(t) dt. If E(q_) is the expected number of vehicles left in the queue at the end of a green phase, then the expected total delay incurred during a red phase is:
DELAYS TO ONE DIRECTION OF TRAFFIC DURING
THE GREEN PHASE The method to be used in this Section is almost the same as that used by Winsten.2 The green phase is first assumed to be of unlimited length, and the delay is found up to that time at which the queue is first exhausted. The delay, if any, incurred after the green phase should have ended is then subtracted to leave the delay incurred during the period of the limited green phase.
During the green phase, the first vehicle leaves at time tj, the next at time t2, and so on at successive intervals 1/s until the queue is exhausted. Consider the delay incurred between times tj and ti+H. Let n(ti) be the queue length immediately after the ith vehicle has left. Immediately before ti+>, the queue length is n(ti+Q) + 1, provided that n(ti) #0. If arrivals are not synchronized with departures, then the expected delay incurred during the period from ti to tj+j is: 
The next step is to derive the expected value of k for given qg. For a binomial pattern of arrivals, Winsten shows that:
1-(qls) (7 This result is not true for more general arrival patterns, but we know from renewal theory (e.g. Doob,5 Benes6) that even for dependent arrival patterns this result holds asymptotically. Since s must be much greater than q for equilibrium to exist, the error in using (7) for general arrival patterns is trivial.t
The expected total green-phase delay conditional now only upon qg and an unlimited phase is then from (7) 
Now let us assume that the queue is in statistical equilibrium. A necessary condition for this is that qc < sg. That is, the average number of arrivals per cycle is less than the number which can pass through while the signals are green. In equilibrium, E(qx) = E(qx+1) and E(q2) E(q2+1). Also, since qg is equal to qx plus the number of arrivals during the red phase, we have therefore that: The second term in the numerator is now the only unknown quantity. As the traffic intensity increases, var (x+x?) will tend to zero and so asymptotically:
The second term in the numerator of (20) depends fundamentally upon the shape of the distribution of (sg -ax). Fortunately, however: var (Sx+1)/E(sg -a1) (22) seems to be a very well-behaved quantity which changes only slowly with changes of traffic intensity, for a wide range of distributions of (sg -ax+).
For low traffic intensities, x = qc/sg less than, say, 0 5, the expected number of vehicles left in the queue at the end of a green phase is zero for all practical purposes. For high traffic intensities, above 0 9, say,
(22) is insignificant in comparison with the first term in (20). It is then over a range of traffic intensities from about 0-5 to 0 9 that we need an approximation for (22).
Figure 2 below shows the relationship between +19 q.,+1 and the distribution of (sg -ax+1), which for clarity is shown as a continuous rather than a discrete distribution. ax+, and qx+l are measured in opposite directions from a false origin at qx. For a given value of qX, the distribution of _+, has the shape of the right-hand side of the distribution of (sg -ax) together with a large zero probability.
We can write (22) as:
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The second term in (23) is given by (17). For any given value of q., the ratio E(82 + I qx)E(8x+lIqx) can be calculated from the distribution of (sg-ax+1). variable, adding 3 5, squaring, halving and then rounding off to the nearest integer. This artificial distribution has a variance-to-mean ratio equal to 1P935. Column C is from an observed frequency distribution of arrivals at a junction in Birmingham, which has a variance-to-mean ratio equal to 1 46. The reason for the rather different behaviour of (23) for the observed data is that the particular set chosen at random showed an extraordinary peak. 
Since these conditional ratios change only slowly, only a crude idea of the distribution of qx is necessary to calculate to reasonable accuracy the first term in (23

In view of the relatively minor role of expression (23), it was decided to
Additionally, Webster has conducted extensive experiments to test his delay formula for London traffic. Since numerically the two formulae are very nearly the same, this gives added confirmation of the reliability of (26). 
VARIATIONS IN DEPARTURE RATE
In most cases of practical interest, this condition is comfortably satisfied. Figure 4 shows the rate of delay as calculated from (26) plotted against cycle time for the illustrated four-way junction. At the calculated settings, the traffic intensity is 0-89. 7Tmax is the higher of the two proportions 7T.
